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Comparison of BDDs and ZDDs

= Many of real-life / (Asymmetric world)
problems are likely - Data mining & Knowledge discovery

asymmetric.

-

- etc.

o

(Symmetric world)

- VLSI Logic Design
- Formal Verification

N Formal concept analysis - Risk analysis
- Calculation with Bayesian networks
- Machine learning & clustering etc.

- Market data analysis - Web data analysis

~
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7
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Knuth® 4 Z & BDD/ZDD
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Algebraic operations for ZDDs

nuth evaluated not only the data structure of ZDDs,
but more interested in the algebra on ZDDs.

0, {1} Empty and singleton set. (0/1-terminal) |~

Ptop Returns the /tem-ID at the top node of P.

Ponset(v) Selects the subset of itemsets Basi .
Poffset(v) including or excluding v. asic operations

P.change(v) |Switching v (add / delete) on each itemset. . (Corresponds to
U,N, \ Returns wnion, intersection, and Boolean algebra)

difference set.

P.count Counts number of combinations in P. /

P*0 Cartesian product set of P and O. New operations

P/Q Quotient set of P divided by O. introduced by

P%Q Remainder set of P divided by Q. Minato.

o—

Formerly | called this “unate cube set algebra,” Useful for many
but Knuth reorganized as “Family algebra.” practical applications.

2013.07.24 10
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O zDDém\tfﬁﬁHj/\Stf\vr > %7 [Minato2005]
® LCM over ZDDs 7/JLI') X Ls[Minato-Uno2008]
® B E|T—AXR—AMNB6D/\2E LD H[Minato2010]
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» {abc,ab, bc, ac, a, b, c}
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1 abc
2 ab = —
INEE o = 8
3 abc B/ MR >
4 bc _
5 2b =/INEEa =7
6 abc
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i “LCM over ZDDs” [Minato et al. 2008]

a LCM: [Uno2003]
Output-linear time algorithm of frequent itemset mining.

s ZDD: [Minato93]
A compact graph-based representation for large-scale
sets of combinations.

Q Combination of
the two techniques

Generates large-scale frequent itemsets on the main
memory, with a very small overhead from the original LCM.

(= Sub-linear time and space to the number of solutions

when ZDD compression works well.)
2013.07.24 13
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Table 2. Cg

# solutions

Original LCM

Dataset name:| L e—reqeemaq=C Moy rroramppro - grow th
min. support itemsets| [ZBDD|[Time(s) Time(s) Time(s)
mushroom: 1,000 123,287 760 0.50 0.64 1.78
500 1,442,504 2,254 1.32 3.29 3.49

300 5,259,786 4,412 2.25 9.96 5.11

200] 18,094,822 6,383 3.21 31.63 6.24

100] 66,076,586 11,584 5.06 114.21 6.72

70] 153,336,056] 14,307 7.16 277.15 6.97

50] 198,169,866] 17,830 8.17 357.27 6.39

T10I4D100K: 100 27,533 3,482 0.85 0.86 209.82
50 53,386 16,872 0.97 0.98 242.31

20 129,876f 58,413 1.13 1.20 290.78

10 411,366] 173,422 1.55 1.64 332.22

5 1,923,260 628,491 2.86 3.54 370.54

3 6,169,854]1,576,184 5.20 8.14 386.72

2| 19,561,7153,270,977 9.68 22.66 384.60
BMS-WebView-1: 50 8,192 3,415 0.11 0.12 29.46
40 48,544 10,755 0.18 0.22 48.54

36 461,522) 28,964 0.49 0.98 67.16

35 1,177,608 38,164 0.80 2.24 73.64

34 4,849.,466| 49,377 1.30 8.58 83.36

331 69,417,074 59,119 3.53 144.98 91.62
3211,531,980,298] 71,574] 31.90 3,843.06 92.47

chess: 1,000] 29,442.849] 53,338] 197.58 248.18 1,500.78
connect: 40,000] 23,981,184 3,067 5.42 49.21 212.84
pumsb: 32,000 7,733,322 5.443] 60.65 75.29] 4,189.09
BMS-WebView-2: 5 26.946:[][];1‘ 353.091 4.84 51.28] 118.01
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i Data models and decision diagrams

= Sets of combinations: (conventional BDD/ZDD)
= Don’t consider order and duplication of items
= "‘abcc” and “bca” are the same.
s Sets of sequences: (SeqBDD) [Loekito2009]
= Distinguishes all finite sequences.
= 0, {4}, { ab, aba, bbc }, { a, aa, aaa, aaaa }, etc.
= Sets of permutations: (zDD) [Minato2011]

= Set of orders in a fixed number of items.
= ¢, {abc }, {ab, ba}, { abcdef, acbdfe, bdface }, etc.

2013.07.24
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Encoded ZDDs for Sets of sequences

. ngn . 1L£2043, Ib}l 3, blb}l 3, bl 2
= Pair of (Item - position) is {13233, Q1batts, bibnCs, buc2

considered different symbol.
“aaa” =2 "al a2 ad”
“aba” =2 "al b2 a3d”

= Alphabet size: |2]
Maximum length of sequences: n
Total encoded symbols: |2| X #n

= Not very efficient.
= Many symbols needed.

= We need to put a fixed maximum
length of sequences.

2013.07.24
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i Sequence BDD (SeqBDD)
= Loekito, Bailey, and Pei (2009)

= Same as ZDD reduction rule.
= Only 0-edges keep variable ordering.
= 1-edges has no restriction.

= Still unique representation for a given
set of sequences.

= Each path from root to 1-terminal
corresponds to a sequence.

{aaa, aba, bbc, bc}

(Ordered) ZDD Sequence BDD
2013.07.24 21



SeqBDDDEEEH (Sequence Family Algebra)

0 72D, (0-EREHTRZIKT )
{\} ZERDANS X LHEE. (1-EBHIRZIET )
P.top P O FAIOHEi D7 1D 21X 9.

P.onset(x) | 7 » THESRINOHMEGZ ML, FRANDEHD » ZHOERL.
P.offset(z) | 37 x N TR 2 RNDETESZHITET 5.
P.push(xz) | P DFRINDOFENT « 2T 5.

PUQ P & Q O#5T (union).

PNQ P & Q Db Y (intersection).

P\ Q AES. (PIZH->T QIZEVED.)
P.count P ODBEZH A S.

P xQ P & Q DOEMES (Cartesian product).

P & Q hBEED—DORIEH D i Litiss Uiz RIIDES.
= ZDDJE (Malgebra

= onset, offset, push ;JEENZDDERL B,

« OEEIZIFEAERL,

2013.07.24




String Sets

Suffix Tree ZDD
[McCreight 1976] [Minato. 1993]

3 SeqgBDD °
S - o] 1]
Upawe [Loekito 2009] . |
[Blumer 1985] *Combination
ol *Operations
*Substring
*No operations +String
*Operations

® Suffix-DD

DEIM Forum 2010 E3-4 February 28, 2010 Shuhei Denzumi, Hokkaido University

3



i Data models and decision diagrams

= Sets of combinations: (conventional BDD/ZDD)
= Don’t consider order and duplication of items
= "‘abcc” and “bca” are the same.
s Sets of sequences: (SegBDD) [Loekito2009]
= Distinguishes all finite sequences.
= 0, {4}, { ab, aba, bbc }, { a, aa, aaa, aaaa }, etc.
s Sets of permutations: (zDD) [Minato2011]

= Set of orders in a fixed number of items.
= ¢, {abc }, {ab, ba}, { abcdef, acbdfe, bdface }, etc.

2013.07.24
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(© Wikipedia)

i Motivation for developing #DDs

s Rubik’s cube:

« Let P={ x| any primitive move of cube.}
- P includes 18 (= 3 ways X 6 faces) permutations.

= Cartesian product P X P represents all patterns obtained by

twice of primitive moves.
- P will have all patterns by n consecutive moves. 12034

= 15 puzzle / Card games s 16 ]7]s
= Optimization of packing / arranging strategy

= Primitive sorting networks —_—
« Classic (and practical) problem considered for long time. """

= Design of loss-less codes

= Any bijective relation corresponds to a permutation.
- Useful means to reversible (and quantum) logic design.

9 10 il fed2

2013.07.24 25



i Decomposition of permutation

= Transpositions 7, ,: exchange of two items x and y.

= Any n-item permutation = can be decomposed
by at most (n-1) transpositions.

Let x =dim(rn), then =z ., mustnot move x.
Thus, dim(zxt, .,) = dim(z) -1

- Repeating this process provides a decomposed form.
(3,5,2,1,4)

- NWhrLO
- NWhrLO

7=(3,52,1,4)

2013.07.24
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i Decomposition of permutation

= Transpositions 7, ,: exchange of two items x and y.

= Any n-item permutation = can be decomposed
by at most (n-1) transpositions.

Let x =dim(rn), then =z ., mustnot move x.
Thus, dim(zxt, .,) = dim(z) -1

- Repeating this process provides a decomposed form.

(3,4,2,1) T
s s (54)_ ¢
4 4

4

3 33— 3
2 2 — 2
1 1 ——> 1

T = (395929194) - (39492’1) 1(5,4)

2013.07.24
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i Decomposition of permutation

= Transpositions 7, ,: exchange of two items x and y.

= Any n-item permutation = can be decomposed
by at most (n-1) transpositions.

Let x =dim(rn), then =z ., mustnot move x.
Thus, dim(zxt, .,) = dim(z) -1

- Repeating this process provides a decomposed form.

(3 1 2) T(4 1) T(S 4) 5

4——>4
3———>3
2 —> 2
1 ——> 1

= (3,5,2,1,4) (391»2) T4,1) T5.4)

2013.07.24
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i Decomposition of permutation

= Transpositions 7, ,: exchange of two items x and y.

= Any n-item permutation = can be decomposed
by at most (n-1) transpositions.

Let x =dim(x), then =z ., mustnot move x.
Thus, dim(zxt, .,) = dim(z) -1

- Repeating this process provides a decomposed form.

To.1) 13,2 T4,1) T5.4)

5 > 5 > 5 > O 5

4 > 4 >4 4 : Deterministic

3 —> 3 3 33— 3

2 2 2 2 —> 2 Process.

1 1 ——> 1 ! —> 1 - canonical form
m=(3,52,1,4) =751, T32) Tia1) T(s.4) for any given r.

2013.07.24 29



i Main idea of zDDs

m Using a pair of IDs (x, y) for each decision node.

p Letx=dim(P), andx>y>0

P=pP,U Pr,.,

9

2013.07.24

PO ={”|”EP)x7t7éy}
P, ={rnt,, | nEP,xx=Yy

dim(P,) = dim(P)
dim(P,) < dim(P)

30



Algebraic operations for zDDs

= ‘Permutation family algebra”

0 Returns the empty set. (0-termial node)
{me } Returns the singleton set. (1-terminal node)
P.top Returns the IDs (x,y) at the root node of P.
PUQ Returns {w | m€ Por w € Q}.

PNnaQ Returns {7 | m € P, w € Q}.

P\ Q Returns {w | m€ P, m ¢ Q}.

P.r(x,y) Returns P - 7, ).

P x Q) Returns {af | o € P, 8 € Q}.
P.cofact(x,y)|Returns {77, , | m € P, xm = y}.

P.count Returns the number of permutations.

2013.07.24
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i Synthesis of #zDDs by algebraic operations

R 6120
T(L”l R (; 1
(2,1} union " fzjl)} &@1)’(1’3’2)’(3’1’2”

v 2 o7 X

@ 1 I

0 1

2013.07.24 .




Product operation for disjoint permutations

(7.(12.3,5.4),(12,3.6.5.4).
(12.3.5.64)(12.3.4.6.5).(123.64.5)
(2.13).(2.13.54).(2.1.3.6.5.4),
(2.13.5.64).(2.1.3.4.6.5).(2.1.3.64.5)
32.1).(32.1,5.4).(32,1,65.4),
32.1.5.64).(32.1.4.6.5).(32.1.64.5)
(23.1).(2.3.1.54).(2.3.1.6.5.4),
(23.1.5.6.4).(2.3.1.4.6.5).(2.3.1.64.5)
(13.2).,(1,3.2.5.4),(1,3.2,6.5.4).
(13.2.5.6.4).(13.2.4.6.5).(13.2.64.5)
(3.1.2).(3.1.2.5.4).(3.1.2.6.5.4),

(21) (3.1.2.5.64).(3.1.2.4.6.5).(3.12.6 4.5)}

{Hﬂﬁ(1121315$4)1(1 3253161514)1
(1,2,3,5,6,4).(1,2,3,4,6,5).(1,2,3.6,4.5)}

(7,.(2.1).(3.2.1).
(2.3.1).(1.3.2).(3.1.2)}

2013.07.24 33



Figure 4: All normal minimum ladders for the reverse permutation when n = 4.

= Reverse permutation requires n(n-1)/2 of transpositions.

nDD- application for primitive sorting networks

Joint work with Kawahara, Saitoh, and Yoshinaka in ERATO project.

= How many irredundant ways to this permutation?

= This is a classic problem (solved by Knuth for n=9.)
= No elegant method. Only enumerative results are known.

= n=12 was the largest size before our trial.

= We succeeded in counting the number for n=13.

2013.07.24
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i “seif-avoiding walks” ¥z Lt T
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(Greetings from The Or—Lire Encyclopedia of Integer Seguences! )

AOOTTTES

MNumber of nonintersecting (or selfavoiding) rook paths joining opposite corners of an n X n
gnd.

1. 2, 12, 184, 8512, 1262816, 575Y00564, 7B9360053252, 3Z26B590486901642, 4104420870263244965804,

1568758030464750013214100, 182413291514248049241 470885236, G4528039343270018963357185158482118 (list: graph; refs;
lister: history: text: interral format)

OFFSET
COMMEMTS

REFEREMCES

LIMK.S

GFE.EFI

i,z

The length of the path wvaries.

Darniel Forgues, Jan 03 2011 (Start) For n=14, there exists at least one Hamiltonian path from
(0,00 to (14,14). For which n do we have at least one Hamiltonian path?

Lattice graphs have their values located at the corners of zrid cells. Lattice gzraph edzes
jnin the corners of grid cells.

Grid graphs have their values located at the centers of grid cells. Grid graph edgzes join the
centers of zrid cells.

tn (mt1) ¥ (n+1) square lattice constitutes the cell corners (coordinates (0,00 to (m,n)) of
an m & n square grid.

Number of self-avoiding walks from (0,00 to (n.,n), n >= 0, of a (n+tl1) & (n+l) soguare lattice.

since rooks move from centers to centers of adiacent zrid cells, should the definition sax?
“Numher of nonintersecting (or self-avoiding) rook paths joining opposite corner cells of

an (n+l) ¥ (n+1) grid.” (End)

a. B. Finch, Mathematical Constants, Cambridge, 2003, pp. 331-339.

0. E. Knuth, "Things & Computer Scientist Rarely Talks Ahout,’ CSLI Publications, Stanfaord,
Ch, 2001, pages 27-73.

Netrews group rec.puzzles, Freguent |y dsked Questions (FaQ) file. (Science Sectionl.

D. E. Knuth, The &rt of Computer Programming., Section 7.1.4.

[. Jensen and H. Iwashita, Tahle of n, aln) for n = 0..21 {I. Jensen computed terms 0 to 19)
H. Iwashita, J. Kawahara, and 5. Minato, fD0-Bazed Computation of the Humber of Paths in a

Dai. Maeda, Mazatomo, Niivama, Sanson, Suzuki, et al, Timne with class! Let s count! [Youtube-
animation demonstrating this sequence. In Japanese wi nglis ranslat ion

M. Bousguet-Melou, &. J. Guttmann and I. Jensen, self-avoiding walks crossing a sguare

5. B. Finch, Self-fvoiding-Walk Connect ive Constants

[. Jensen, oseries Expansions for Self-fvaiding Yalks

OETS Wiki, Self-avoiding walks
Frime WMaicetaim e Warld nf Hathbhemat ire. “alf=bfwvmidime Wall
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¢ “simpath” in Knuth-book

122 COMBINATORIAL SEARCHING (F1) 7.1.4

We can also use ZDDs to represent simple paths in an undirected graph.
For example, there are 12 ways to go from the upper left corner of a 3 x 3
grid to the lower right corner, without visiting any point twice:

EEBHHHIBEHHEHEBE

These paths can be represented by the ZDD shown at the right, which charac-
terizes all sets of suitable edges. For example, we get the first path by taking
the HI branches at (13), (36), (6%), and of the ZDD. (As in Fig. 28,
this diagram has been simplified by omitting all of the uninteresting
LO branches that merely go to |L|.) Of course this ZDD isn't a truly
great way to represent (132), because that family of paths has only 12
members. But on the larger grid P30 Ps, the number of simple paths
from corner to corner turns out to be 789.360,053,252; and they can all
be represented by a ZDD that has at most 33580 nodes. Exercise 225
explains how to construct such a ZDD quickly.

A similar algorithm, discussed in exercise 226, constructs a ZDD
th%ﬁgg}:ggents all cycles of a given graph. With a ZDD of size 22275,
we can deduce that PO Ps has exactly 603.841.648.931 simple cycles.
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“simpath” for US map in Knuth-book
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